We study the phonon-focusing effects of the Rayleigh and pseudosurface waves propagating ballistically on the (100) surface of cubic crystals. Specifically, solving the wave equations for lattice displacements, we consider the finite-wavelength effect at the MHz-frequency range and for 1-cm propagation distance. The amplitude and polarization of lattice displacements at the surface associated with surface waves are sensitive to the propagation direction. Owing to this characteristic of surface waves, the focusing factor defined in the ray picture does not necessarily describe correctly the intensity of surface waves excited from a point source. The angular dependences of the calculated displacement amplitudes explain an important feature of the recent focusing experiment of Rayleigh waves, which the simple theory based on the focusing factor fails to predict.
I. INTRODUCTION
Ballistic-phonon propagation in crystalline solids is profoundly influenced by the anisotropy of the lattices. The energy flux of phonons radiated from a small source exhibits huge anisotropy called phonon focusing. 1 ,2 This effect arises from the fact that the group velocity and wave vector of a phonon are noncollinear, in general, due to crystal anisotropy. Experimentally, the phonon imaging technique has contributed substantially to the understanding of the phonon focusing effect in the bulk of solids. 2 So far, phonon-focusing experiments have utilized high-frequency phonons of several hundred-GHz range and the observed focusing patterns coincide well with the ones calculated from the elasticity theory or lattice dynamical models based on the geometrical acoustics approximation, or ray picture for phonons. The validity of this approximation stems from the fact that the wavelength of a 100-GHz phonon is about 300-500 A and the typical sizes of crystals used are several millimeters. Thus, the effect of the finite wavelength of phonons involved can be neglected in these experiments, validating the ray picture for phonons.
The effect of finite phonon wavelength on the phonon focusing was first studied by Maris. 3 He found that the correction to the geometrical acoustics theory is enhanced near the caustic directions (where the geometrical acoustics approximation predicts infinitely large intensity) and proposed a suitably designed experiment to observe the effect for phonons of 100-GHz frequency range.
Recently, experiments on the bulk-wave propagation and the related focusing with ultrasound beams have been made by several groupS.4,5 Specifically, utilizing the ultrasonic imaging technique, Hauser, Weaver, and Wolfe 5 have observed very clearly the finite-wavelength effect on the phonon focusing, that is, the fringe patterns of acoustic intensity have been seen in the expected focusing regions. These patterns arise from the interfer-0163-1829/94/49(24)/17378(7)/$06.00 49 ence between waves with different wave vectors but with group velocities pointing in the same direction. It should be noted that in the strong focusing directions of phonons the group velocity surfaces (wave surfaces) are multivalued. The frequencies of the ultrasound used in the experiments are 5-20 MHz and the corresponding wavelengths 1-0.25 mm are macroscopic. Thus, at these frequencies (and also for a sample thickness of the order of 1 cm) the phonon-focusing caustics are found to evolve into a set of parallel fringes of the acoustic flux. This effect is called "internal diffraction" of acoustic waves in crystals. 5 The focusing effect is also expected to occur for phonons propagating along crystal surfaces, i.e., surface phonons or surface acoustic waves. Theoretically, the focusing of Rayleigh surface waves (RSW) on the (100), (110), and (111) faces of GaAs and in several other crystals with lower symmetries has been studied by Tamura and Honjo. 6 They used the ray approach and calculated the focusing factor A = I .!lB,. / .!lBv I, defined by the small angle .!lB,. subtended by phonon wave vector kll within the surface divided by the corresponding angle .!lBv spanned by the group velocity v. Based on the Green's tensor approach Camley and Maradudin also studied the focusing of both RSW and pseudosurface waves (PSW) propagating on the surfaces of several cubic crystals. 7 Their formulation is similar to that of Maris 3 for bulk phonons and the stationary phase analysis is developed. In effect, they plotted the caustics directions where the focusing factor A diverges. Such directions exist, in general, for both RSW and PSW in a solid.
Recently, Kolomenskii and Maznev 8 have generated surface acoustic waves by the irradiation of pulsed laser on the surfaces of several cubic crystals. Using an interesting technique called surface-wave induced dust particle removal from a surface they have observed that the strong focusing of surface waves does occur as predicted. The surface waves detected in their experiment have a characteristic frequency of about 50 MHz, or the corresponding wavelength is about 0.1 mm, so the interference of the waves involved would be important in interpreting 17378 the details of their experimental results.
The purpose of the present work is to study theoretically the effect of finite wavelength on the ballistic propagation of both RSW and PSW on anisotropic crystal surfaces. We will show that a feature of the experiment by Kolomenskii and Maznev,8 which has not been explained by the simple argument based on the ray picture can be understood in the framework of our formulation.
II. FORMULATION
Asymptotic expressions for the amplitudes of surface waves have been derived by Shirasaki and Makimoto, 9 and also by Camley and Maradudin 7 based on the stationary-phase analysis ofthe Green's tensor for a semiinfinite anisotropic (piezoelectric) elastic medium. In the present study we try to obtain the displacement amplitude u(r, t) of surface waves by considering the Lamb's problem 10 for an anisotropic elastic continuum occupying z (= X3) > 0 with surface at z=o. The equations we should solve are
where p is the mass density of the crystal, Cijmn is the elastic-constant tensor, (Fij is the stress tensor, and
) is the vector on the surfaceJ.
The summation convention over repeated indices is implied. We assume that the normal component of the stress oscillating with frequency w is acting at the origin XII = 0 on the surface, i.e., Sj = sod3j and So is a constant. This boundary condition should approximately be applicable, for instance, to the excitation of surface waves by a focused ultrasound beam emitted from an immersion transducer. 5 The solution of Eq. (1) takes the form 
with k3 = kim). In Eq. 
Solving Eqs. (7) and (8), we find
with W = det(W}m» and
where the superscripts are defined modulo 3, e.g.,
where XII = IXIlI. In deriving Eq. (11), we have rotated the coordinate system so that kll direction is parallel to the vector XII and k.L direction normal to XII within the surface. Here we note that W =0 defines the dispersion relation of surface waves. It is known that for a fixed w, W =0 has a simple zero at a real kll. This corresponds to RSW. For PSW, however, a complex kll satisfies w=o for a real w (also one of k}m) has a negative imaginary part). So, for the moment, we consider the case of RSW. Now, replacing w by w + iTJ (TJ is an infinitesimal positive number), we perform the integral with respect to kll so that Eq. (11) may represent outgoing waves. Thus, putting z=O, we find the displacement vector at the surface ( )
where kll is a function of k.L and w, i.e., kll = kll(k.L,w), and the integral should be done over the slowness curve in the kll plane defined by W(kll'w) = o. The prime means that the integral is restricted to the portion of the slowness curve for which the component of the groupvelocity vector projected to the XII direction is positive.
For PSW, W=O is satisfied for a complex kll as remarked above. However, the attenuation rate is small, i.e., Im[kIiJ/Re[kIlJ = 10-3 -10-5 (see Fig. 6 , below), so we expect that Eq. (12) would also be used for PSW as far as the propagation distance of 1-cm and 10-MHz frequency range are concerned (Re[klilxll '" 100 and
For xII much larger than the wavelength of surface waves on the given slowness curve we can further carry out the integral of Eq. (12) by applying the method of stationary phase. Following the procedures similar to those developed by Shirasaki and Makimoto,9 and also by Camley and Maradudin, 7 we obtain
where V is the gradient with respect to kll' a = titj Vi VjW, t = (-'11 W, v2W)/IVWI is the unit vector tangent to the slowness curve, ¢ is the phase of a, and the summation over a is taken over the wave vectors kll = k~t) on the slowness curve for which the outward normals of the slowness curve are parallel to XII' Equation (13) corresponds to the geometrical acoustics approximation for the displacement vector, which has been derived by assuming a i= O. Apparently a is proportional to the curvature K of the slowness curve defined by K = titj Vi Vi WIIVWI and vanishes at the inflection points, giving rise to the caustic directions in the real space where the geometrical acoustics approximation is no longer valid. The corrections to Eq. (13) at the points satisfying a=O are discussed in Refs. 7 and 9.
III. NUMERICAL RESULTS Figure 1 plots the phase velocities e of RSW and PSW on the (001) plane of silicon together with the sound velocity of bulk slow transverse (ST) waves. We see the the degeneracies of RSW and PSW with ST branch near the [110] direction and at an angle about 22° from the [100] direction, respectively. The slowness curves defined by Iklll = wle(k ll } (w is a given frequency) in the wave vector space and the corresponding group velocity curves in the real space are also given in Figs. 2(a) and 2(b) for both RSW and PSW. The group-velocity curves are plotted by dots which represent the distributions of groupvelocity vectors calculated by assuming a uniform angular distribution of wave vectors. This means that the concentrations of dots on the group-velocity curves measure the focusing and defocusing of the surface waves at a specified propagation direction.
In the geometrical acoustics approximation the quantitative understanding of the focusing of surface waves will be gained by calculating the focusing factor A. The focusing factor describes the enhancement in phonon flux in a given direction to that in an isotropic solid and is a quantity measurable in the heat pulse experiment for bulk phonons. 1 Here we note that the focusing factor is also related to the curvature of the slowness curve as Fig. 2(b) ] which originate from the inflection points on the slowness curve [A and B in Fig. 2(a) ] define the caustic directions at which the focusing factor becomes infinite. In the pseudosurface branch no such cusps ap- In a typical experiment on the propagation of ultrasonic bulk waves, the distance r = Irl (~ 1 cm) between the source and the detector is considerably larger than their wavelength A (~ 0.3 mm at 20 MHz). This suggests that the method of stationary phase should be a good approximation to evaluate the displacement vector u associated with the acoustic field excited with a broad distribution of wave vector k. The asymptotic form of the displacement field for large r was obtained by Maris for bulk phonons. 3 In the work of Maris, the prefactors of e ik . r in the expression of the displacement vector [similar to Eq. (12)1 are approximated to be constant and he discussed the phonon intensity at r in terms of (14) where the integral should be taken over the region of the slowness surface around ko satisfying v(ko) II r. Applying the similar idea to the surface wave propagation, we tentatively consider the corresponding quantity This intensity is obtained by leaving out from Eq. (12) the residue function at the pole of the surface wave, i.e., we assume that the residue function is insensitive to kll as remarked by Weaver and co-workers 5 shown above. So, J(xlI) may be regarded as a quantity which measures the focusing of surface phonons or surface waves at finite frequencies. However, in an experiment utilizing the coherent ultrasonic beams the detected intensity of acoustic fields would be quite sensitive to the polarization vectors involved. This must especially be the case for the surface wave experiments conducted with a sample immersed in the water. Here it should be noted cusing factor at Ov ~ 13°(B') is not seen in \Ui\2 of Fig. 7 though the enhancements at Ov ~ 26° (A') are present for \ulI\2 and \uz \2. Also, the amplitudes at the surface are practically zero at angles larger than 30°. These results imply that the residue function in Eq. (12) is crucial in the evaluation of the displacement amplitudes. The absence of the enhancement at Ov ~ 13° is understood by the fact that the cusp B' seen in Fig. 2(b) comes from the inflection point on the slowness curve at Ok ~ 30.5° [B in Fig. 2(a) ]. The displacement vector of RSW at Ok ;:::: 30° is polarized almost within the surface and perpendicular to the wave vector, i.e., RSW are the shear waves with horizontal polarization in character, and hence U z and ull are little excited around this direction.
Here, it is interesting to note that the asymptotic forms of the squared amplitudes calculated from Eq. (13) for RSW (averaged over frequency) well describe the averaged angular dependences of those obtained from Eq. (12) . Equation (13) For PSW the squared amplitudes are very small at Ov ::::; 30° (Ok ::::; 27°). One of the reasons has already been described in the explanation of Fig. 5 . The second reason is that PSW also degenerate into the bulk ST waves at Ok ~ 22°, so the surface displacement is small at these angles. Note that the asymptotic expression Eq. (13) vanishes for PSW except at two angles where PSW become genuine surface waves (Im[kll] = 0), i.e., [110] direction and Ov = 39° (Ok ~ 37°) for the (001) silicon (see Fig. 6 ).
The acoustic Poynting vector defined by Pi -Re[O'ijuj]/2 should be another important quantity to measure the focusing of surface waves. For both RSW and PSW the component P3 normal to the surface vanishes identically at the surface for XII '" O. This is because 0'3j = 0 due to the boundary condition Eq. (2). The only sizable component is P II , i.e., the component parallel to XII and the component Pl. perpendicular to XII is small. We find the angular dependence of P II for RSW is quite similar to those of \uz \2 and \ulI\2 shown in Fig. 7 .
IV. CONCLUDING REMARKS
After the observation of ballistic phonon focusing in the bulk of crystals, many groups tried to detect the similar effect at crystal surfaces. Unfortunately, however, no positive result on the effect has been reported until recently. One of the reasons is that they used the heat pulse method to excite phonons emanating from a point source at low temperatures. The dominant phonon frequencies excited in their experiments are typically 100 GHz or higher, and the mean free path against surface-roughness scattering (ex w-5 ) is very short,l1 making the ballistic propagation of such surface heat pulses over macroscopic distances impossible.
In the traditional acoustics, ultrasonic surface waves of frequencies lower than 1 GHz are rather easily generated electromechanically, but point sources were not readily available. This drawback has been overcome by the techniques using focused ultrasonic beams 5 or laser pulses. 4 ,8 The recent experiment by Kolomenskii and Maznev 8 with laser excited surface waves has observed very clearly the existence of the directions along which the strong focusing occurs at crystal surfaces. Those directions are, for the most part, consistent with the theoretical predictions for the caustics of surface phonons obtained by geometrical acoustics. For the (001) surface of silicon, they did see the focusing of RSW at Ov ~ 26° (the direction A') but no evidence of the strong focusing was obtained at Ov ~ 13° (the direction B'). Their experiment is sensitive to the lattice displacement normal to the surface and Fig.  7 which we have calculated for the RSW amplitudes also exhibits the absence of the effect at the latter angle. More detailed measurements of the angular dependence of the surface wave focusing at ultrasonic frequencies would reveal the finite wavelength effect as predicted in this work.
In the present study, we have assumed that the solid surface is in contact with vacuum, so it is free from the stress except at the origin. However, as mentioned repeatedly, the technique for the generation of focused coherent ultrasound beams on the sample immersed in liquid will be applied to the excitation of surface acoustic waves and also to the study of the interference effect on the phonon focusing at surfaces. In this respect the formulation taking account of the loading of the free surface with liquid should be necessary. In particular, it has been
